Abstract. Electromagnetic (EM) waves, scattered by a small impedance particle of arbitrary shape, embedded in a homogeneous medium, are calculated by a new analytic formula. The range of applicability and the accuracy of this formula are illustrated by numerical results. The formula was derived in (*) A.G.Ramm, Optics Communications, 284,(2011), 3872-3877. The accuracy of the new formula is estimated by a comparison with the Mie-type solution for an impedance sphere.
Introduction
Electromagnetic (EM) wave scattering by small bodies has a long history, starting from Rayleigh (1871), see [1] , [2] [9] . In [2] analytic formulas for the S−matrix for acoustic and EM wave scattering by small bodies of arbitrary shapes are derived. In particular, analytic formulas for the polarizability tensors for homogeneous bodies of arbitrary shapes are obtained. Analytic solution of the EM wave scattering problem for perfectly conducting and dielectric homogeneous spheres was given by Mie in 1908 (see [3] ). It was used and developed by Bruning and Lo [4] , [5] , Mackowski [6] , Xu [7] , and others.
The aim of this paper is to test numerically asymptotic formulas (1)-(3) from the paper [8] to compare the accuracy of these formulas with Mie-type solution for an impedance sphere, and to find numerically the range of applicability of formulas derived in [8] .
The results of this paper are new. They show that the formulas, derived in [8] , can be used in many applications.
In this paper theoretical and numerical results for EM wave scattering by a small impedance particle D of an arbitrary shape, embedded in a homogeneous medium, are obtained. The medium is described by a constant permittivity ε 0 > 0, permeability µ 0 > 0 and, possibly, constant conductivity σ 0 ≥ 0. The theory and analytic formulas (21)-(24) (see below) for the solution to this problem are derived in [8] .
The scattering problem is formulated and studied in Sections 2 and 3. In Section 2 analytic formulas from [8] for the scattered EM field are given and explained. The distance d from the small scatterer D, of the characteristic size a, (where a = 0.5diamD, and diamD stands for the diameter of the domain D), till the far zone is of the order 10a, and this is very small distance if a is very small. In particular, d ≪ λ, if a is sufficiently small. The practical conclusion is: if the scatterer is small, i.e., ka ≪ 1, then the far zone for this scatterer starts very close to the scatterer, at the distances of the order O(10a) from the scatterer. So, formula (24) (see below) is valid everywhere except a neighborhood of the scatterer of the order O(10a).
In section 3 explicit analytic formulas for EM field, scattered by an impedance sphere, are derived. This derivation is similar to the derivations in Mie's theory, which treated perfectly conducting or homogeneous dielectric spheres.
Section 4 contains numerical results that demonstrate accuracy of the asymptotic formulas from [8] in a wide range of values ka and ζ, where ζ is the boundary impedance of the small scatterer. The explicit analytic solution, obtained in Section 3, is used for comparison with the asymptotic solution from [8] . These results show the accuracy of formula (24) and give its applicability limits.
In Section 5 the conclusions are formulated.
2 EM wave scattering by one small impedance particle of arbitrary shape
Let a = 0.5diamD be the radius of small particle D, k > 0 be a wavenumber, k = 2π λ , ka ≪ 1, λ be the wavelength of the incident EM wave. The particle D is embedded in a homogeneous medium with constant parameters ε 0 , µ 0 . Let k 2 = ω 2 ε 0 µ 0 , where ω is the frequency. Our arguments remain valid if one assumes that the medium has a constant conductivity σ 0 > 0. In this case ε 0 is replaced by ε 0 + i σ0 ω . Let S denote the boundary of D, [E, H] = E × H denote the cross product of two vectors, and (E, H) = E · H the dot product of two vectors.
EM wave scattering problem consists of finding vectors E and H satisfying the Maxwell equations:
the impedance boundary condition:
and the radiation condition:
where ζ is the boundary impedance of the particle, N is the unit normal to S pointing out of D, E 0 , H 0 are the incident fields satisfying equations (1) in all of R 3 , v E and v H are the scattered fields, satisfying the Sommerfeld radiation condition, r( ∂v ∂r − ikv) = o(1) as r := |x| → ∞. We assume that the incident wave is a plane wave, i.e., E 0 = Υe ikα·x , Υ is a constant vector, α ∈ S 2 is a unit vector, S 2 is the unit sphere in R 3 , α · Υ = 0. In general, the impedance ζ can be a constant, Reζ ≥ 0, or a 2 × 2 matrix function acting on the tangential to S vector fields, such that
We assume in this paper that ζ is a constant. This simplifies numerical calculations.
In formula (4), T is the set of all tangential to S continuous vector fields such that DivE t = 0, where Div is the surface divergence, and E t is the tangential component of E.
We define the tangential component E t by the formula:
This definition corresponds to the geometrical meaning of the tangential component of E.
In the literature (see, for example, [17] , p. 11) one may find [N, E] as the definition of the tangential component of E. Such a definition is somewhat misleading: it gives a vector, rotated from E t by an angle π/2 in the plane, tangential to the surface.
Problem (1)- (4) is equivalent to problem (6), (7), (3), (4), where
We have reduced our problem to finding one vector E(x). If E(x) is found, then H is found by the formula H = ∇×E iωµ0
, and the pair E and H solves the Maxwell equations and satisfies the impedance boundary condition.
Let us look for E of the form
where g is the standard Green's function, t ∈ S and dt is an element of the area of S, σ(t) is a tangential vector field on S. This E solves equation (6) in D for any continuous σ(t) because E 0 solves (6). To check this statement one uses the identity ∇ · ∇ × E = 0, valid for any smooth vector field E, and the formula
The integral S g(x, t)σ(t)dt satisfies the radiation condition. Thus, formula (8) solves problem (6), (7), (3), (4) , provided that σ(t) is chosen so that boundary condition (7) is satisfied.
Let O ∈ R 3 be a point inside D, the origin. To derive an integral equation for σ = σ(t), substitute E(x) from (8) into impedance boundary condition (7), follow the argument in [8] , and get the following equation:
Here A is a linear Fredholm-type integral operator. Formulas for the operators A, B and function f were derived in [8] . Equation (10) can be rewritten as
The operator A is linear and compact in the space C(S), so that equation (11) is of Fredholm type. Therefore, equation (11) is solvable for any f ∈ T if its homogeneous version has only the trivial solution σ = 0. In this case the solution σ to equation (11) is of the order of the right-hand side f, that is, O(a −κ ) as a → 0.
We assume that
where Reh ≥ 0, and κ ∈ [0, 1) is a constant. Let us rewrite (8) as
where
Consequently, the scattering problem is solved if vector Q is found. This simplifies the solution drastically, compared with the standard approach in which one solves numerically boundary integral equations (BIE) for the unknown vectorfunction σ.
Since σ = O(a −κ ), one has Q = O(a 2−κ ). In [8] , it was explained that the third term on the right of (13) is negligible compared with the second one. Therefore, equation (13) can be written in form
with an error that tends to zero as a → 0 under our assumptions. Note that the relation |x| ≫ ka 2 , that holds in far zone, is satisfied for (15) is applicable in a wide region.
Let us estimate Q asymptotically, as a → 0. Integrating equation (11) over S, we get
It was shown in [8] that the second term in the right-hand side of the above equation is equal to −Q plus terms negligible compared with |Q| as a → 0. Thus,
Let us estimate the integral in the right-hand side of (17) . The expression [N s , f e ] one can rewrite as (see formula (33) in [8] ):
If E 0 tends to a finite limit as a → 0, then formula (18) implies that
By Lemma 2 from [8] , the operator (I − A) −1 is bounded, so σ = O( 1 a κ ), and
because the integration over S adds factor O(a 2 ). It follows from our arguments that Q does not vanish.
The Q can be expressed in terms of E 0 . If S is a sphere of radius a then (see [8] )
The factor 8π 3 appears if D is a sphere. Otherwise a tensorial factor τ jp appears:
where over repeated indices p summation from 1 to 3 is understood, and
where δ jp is the Kronecker delta, and b jp depends on the shape of S. If S is a sphere, then b jp = 1 3 δ jp . In this case one gets formula (21), where ζ is calculated by (12) .
From equations (22) and (23) one obtains
Formula (24) gives representation for the field E(x) in the region r ≫ a, i.e., in the far zone. As we have already argued, if a is sufficiently small, then the far zone starts very close to the small scatterer, say, at a distance 10a.
EM wave scattering by impedance sphere
In this section, we present the explicit analytic formulas for EM field scattered on the impedance sphere, based on the Mie theory [3] , [7] . The governing equations for the EM wave scattering problem similarly to Section 2, are (1)-(3). Define a ball B:
where x 0 is the origin O, the notation used in Section 2. The boundary condition (2) is:
N is the unit normal to S, pointing out of B, and ζ is the impedance. Here E t and H t are the tangential component of the vector fields E and H, respectively. We look for a solution of the form:
where E 0 , H 0 are the initial incident fields satisfying (1), and E s and H s are the scattered fields satisfying the radiation condition. From (27), we obtain the relations
The boundary condition (26) can be rewritten as
Substituting (28) into (30), one gets
We use boundary condition (31) for finding the expansion coefficients a n and b n in series (43) and (44) below. The assumption ka ≪ 1 holds, and E 0 = e ikx3 e 1 , where k is the wave number with k 2 = ω 2 µ 0 ε 0 , and e j , j = 1, 2, 3, are unit vectors along the coordinate axes
Let us assume that the particle D is a sphere centered at the origin, of radius a, and define
and
where P nm are the associated Legendre functions, z n (kr) is the spherical Bessel function, which can be j n (ρ) or h (1) (ρ), ρ := kr, r := |x|, and
where J ν and Y ν are the Bessel functions of the first and second kind, respectively. Let us denote by hat over a vector the corresponding unit vector x := x |x| . Define the following vector spherical harmonics:
The plane wave E 0 can be represented as a spherical harmonics expansion (cf [10] ):
where E n = i n 2n+1 n(n+1) , and
In (37) we have attached the superscript (1) to vector spherical harmonics for which the radial dependence of the generating functions is specified by z n = j n . Applying the operator ∇× to (37), one gets
From the boundary condition, formula (37), orthogonality property of the functions M enm , M omn , N emn and N omn , one obtains that the scattered fields E s and H s can be expressed by the formulas:
where a n and b n are the unknown coefficients which will be obtained later, and we attach the superscript (2) to vector spherical harmonics for which the radial dependence of the generating functions is specified by z n = h (1) n . We refer to the general terms in the series (43) and (44) as s n (see Tables 3 and 4 
below).
Let us derive the formulas for the unknown coefficients a n and b n used in (43) and (44). In the spherical coordinates the boundary condition can be written as
where we have used the identity N s = a e r . Let ψ n (ρ) = ρj n (ρ) and
where ρ = kr. (45), one can get the following linear algebraic system (LAS) with respect to coefficients a n and b n :
where the functions G 1 , G 2 , F 1 , G 3 , G 4 , F 2 are expressed via the known functions of the parameters a, ρ, θ, ϕ, and ζ (see [7] ). Using the above expressions, one finds the coefficients a n and b n :
n(n+1) . Let us derive a formula for the EM field in far zone. One has (see [11] )
, ρ ≫ 1, and dh
Let ρ = kr and ρ ≫ ka. Using (51) and the identities P 1 1 (cos θ) = − sin θ, π 1 (cos θ) = −1 and τ 1 (cos θ) = − cos θ, one gets
where e 1 is the unit vector along x 1 -axis, e 1 = sin(θ) cos(ϕ) e r +cos(θ) cos(ϕ) e θ − sin(ϕ) e ϕ . Formula (52) will be used in the next Section for numerical comparison with asymptotic formula (24).
Numerical Simulation
In this section, we deal with the numerical calculations for comparison of the asymptotic formula (24) from Section 2 and analytic formula (52) from Section 3. The general approach to numerical solution of the wave scattering problem by many small particles was developed in [14] , [15] , [16] , and illustrated by numerical results in [12] . We will use a series of algorithms developed in [12] and apply them for numerical modeling in this Section. Let us assume that the small particle D is a sphere of radius a. In this case, formula (24) for component E(x) of EM field in far zone can be written as
Using the relations
one can rewrite (53) as follows
where O is origin. Formula (56) gives the representation of components for electrical field E in the Carthesian coordinates. In order to compare (56) with (52), we should rewrite it in the spherical coordinates, using the know formulas for transformation of cartesian coordinates of vector E(x) into spherical ones [13] E r = E 1 sin(θ) cos(ϕ) + E 2 sin(θ) sin(ϕ) + E 3 cos(θ),
where x = (x 1 , x 2 , x 3 ). The following numerical expertiments are of practical importance: a) checking the accuracy of series (43) and (44) for representation of components of the scattered field E s and H s ; b) investigation of the limits of applicability of the asymptotic formula (56) for various values of the radius a of the sphere, by comparing it with the Mietype solution, given by formula (52); c) determination of the optimal values of ζ which provide the smallest relative error of the new asymptotic solution (56). (43) and (44) Investigating convergence of the series (43) and (44), we calculate the coefficients a n and b n for a wide range of parameter ka. The dependence of |a 1 | and |b 1 | on the value of k is shown in Fig. 1 and Fig 2 at a = 0.1 . The values of these coefficients grow at k → 1, and at the same time, their maximal amplitude does not exceed 10 at ka = 1 in the considered range of ζ. The numerical results show that the coefficients a n and b n in series (43), (44) decay quickly. The values of a 3 and b 3 are two orders smaller than these of a 1 and b 1 . The moduli of the coefficients a n and b n for n ≥ 4 have order less than 10 −8 . The values of |a 5 | and |b 5 |, presented in Table 1 and Table 2 , show that no more than 5 coefficients a n and b n are needed in order to calculate the scattered field with high accuracy. The relative error does not exceed 10 −3 − 10 −4 in the range of considered parameters ka and ζ. Convergence rate of the above series depends on the modulus of the coefficients a n and b n in the series. The "general term" s n in the series (43) is
Checking the accuracy of series
). Because the function h 1 n (ρ) increases rapidly as ρ → 0, the convergence rate depends on the values of a n N (2) e1n and b n M (2) o1n in (43), and on the values of a n M (2) e1n and b n N (2) o1n in (44). The results, presented in Tables 3 and 4 , show that the general terms s n in series (43), (44) decay very fast for the considered range of ka. These results are presented for a = 0.1. It can be seen that terms with the index n + 1 are by two or three orders less than the previous ones. Numerical results show that this rapid convergence holds, e.g., when ρ ≤ 2: in this case the maximal relative error for E r , calculated by formula (43) with 5 terms, is not more than 0.6 × 10 −3 , and for E θ and E ϕ this error is not more than 0.2 × 10 −3 , for any ζ between 5 and 300. The series (43) and (44) converge rapidly and yield high accuracy in calculations of the EM fields. Therefore, one can use the values E s and H s , calculated by series (43)-(44), as "exact" values of the scattered fields when comparing these values with the ones calculated by the asymptotic formula (56). Table 3 . Moduli of general terms s n in series (43) for E r component. 7.408 × 10 The numerical results confirm the high accuracy of series (43) and (44) in a wide range of parameter ka. We carry out the calculations in order to establish the relative error of the solution calculated by using the above series for different value of impedance ζ (see Figure 3) . Because the exact values S * of the sums of series (43) and (44) are unknown, we use the following formula for calculating the relative error
instead of generally used
where S n and S n+1 are the n-th and n + 1-st partial sums of the series (43),
. The relative error for 0.01 ≤ ka ≤ 1.0 does not exceed 0.8 ×10 −3 for E θ and E ϕ components, and it does not exceed 0.16 × 10 −3 for E r component. This error is obtained when n = 5 terms of series (43) are kept for calculations. Further increase of n does not reduce the error practically. The optimal value of ζ, which provide minimal relative error, is ∼ 100. The error grows when ζ > 100.7.
The numerical results for values 1, 4 ≤ ka ≤ 3.0 are given in Table 5 . The results are presented for ζ = 100.0, the value of ζ which yields minimal error in the considered range of ka. Apparently, the relative error for E r component increases more than for E θ and E ϕ components and attains its maximal value 1.7% at ka = 3.0. The error for E θ and E ϕ components does not exceed 1.15%. These errors stabilize at n = 20 terms in series (43). (43) and (44) do not exceed 4.5% for ka ≤ 5.
Error of the asymptotic formula (56)
The numerical results in this Section give the range of applicability of the asymptotic formula (56) for various values of parameters ka and ζ. The calculations were carried out not only for the ka ≪ 1 but also for ka = O(1). At ka = 2.0 the relative error exceeds 20% for all considered ζ. Analytic solution, given by formula (52), was considered as the exact solution, because its relative error was less than 10 −3 . In Fig. 4 , the relative error of solution (56) for E r component is shown for different values of a at ζ = 10. One can see that at a = 0.1 the error decreases three times if a decreases five times (from 0.05 to 0.01). For small k at a = 0.1 the relative error is less than for a = 0.05, but for k > 0.5 this error is rapidly increasing. For example, at k = 1 for this a relative error exceeds 15%, It does not exceed 7% and 2% for a = 0.05 and a = 0.01 respectively. The curves presented in Fig. 5 show that the relative error diminishes if ζ increases, and at greater ζ it is less sensitive to change of a. For the considered range of a, the error does not change practically. The minimal relative error is attained at a = 0.01 and it is equal to 0.2% (see solid line in Fig. 5) .
The numerical results show that formula (56) at ka = 1.0 yields the values of the EM fields with an error that does not exceed 15% for ζ = 10 and 10% for ζ = 100. This error decays slowly to 13 % and 9 % respectively if ζ increases up to 300, and it grows at ζ > 300. The relative error for the components E θ and E ϕ is less than the one for E r in all these cases.
Finding optimal values of ζ at fixed a
Numerical results presented in the previous section show that relative error of the asymptotic solution (56) depends on the value of impedance ζ. We found the optimal values of ζ that yield minimal error at some fixed values of ka. In Fig. 6 and Fig. 7 A local minimum of the relative error was found at ζ = 32.7. This shows that the dependence of the relative error on the values of ζ is not monotone, and should be checked for each ka.
The amplitude and the radiation pattern of the scattered field depend on the values of k and ζ. Typical amplitudes of the components E r , E θ , and E ϕ of the electric field are shown in the Figs. 8, 9 , and 10 at ka = 0.001, ζ = 100.0, a = 1.0, r = 20, where r is distance to far zone. These results are calculated by formula (56). The relative error of the numerical values calculated by formula (56) for this case is 3.1%, 3.6%, and 1.0% for components E r , E θ , and E ϕ respectively. The error can be decreased to 0.1% − 0.05% by increasing r up to 50. Further increasing of r does not influence practically the decreasing of the error. The error of the same order is obtained also for the components H r , H θ , and H ϕ .
Conclusions
Simple explicit analytic formula for calculation of EM waves, scattered by small impedance particle of arbitrary shape, is derived and tested numerically. The solution for a spherical particle can be obtained easily using our general formula, valid for small particles of arbitrary shapes.
To establish the limits of the applicability of the new formula, it is compared numerically with the results, obtained by Mie-type theory for spherical Relative Error ρ Figure 9 : Typical amplitude of E θ component.
impedance particle. The numerical results show that the Mie-type series for the solution converge rapidly: it is sufficient to use not more than 5 terms in order to obtain the solution with a relative error of the order 10 −3 . We call the solution, obtained by Mie-type series, an analytic solution, and we use this solution as an "exact" solution when comparing with the numerical results obtained by the new asymptotic formula (56).
The comparison of asymptotic and analytic solutions show that relative error of asymptotic solution depends on the values of parameters ka and ζ. It is shown for the component E r that the error less than 3.1 % is obtained for ka = 0.001 at ζ = 100.0. The error grows slowly when ka grows, it is equal to 7.5 % at ka = 1.0, and it grows up to 13.6 %. at ka = 2.0. These results were obtained at r/a = 20.0.
Numerical results show that relative error of asymptotical solution can be reduced significantly by changing ζ at a fixed ka. For example, the relative error of E r equal to 2.2% for ka = 2.0 is obtained at ζ = 300.0. This relative error is larger for E θ and smaller for E ϕ .
The numerical results show that the range of optimal values of ζ is between ζ = 5.0 and ζ = 300.0. In this large range there exist several local minima of relative error as a function of ζ at a fixed ka. The values of these local minimums depend on ka considerably. In summary, one can concludes that the relative error of the new asymptotic formula (56) is in range 0.2% to 20.0% as ka varies in the range 0, 001 − 2.0 and ζ varies from 5.0 to 300.0. Thus, asymptotic formula (56) is applicable in a wide range of parameters.
